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Abstract. We show that, in a broad class of continuous time random walks (CTRW),
a small external field can turn diffusion from standard into anomalous. We illustrate
our findings in a CTRW with trapping, a prototype of subdiffusion in disordered and
glassy materials, and in the Le´vy walk process, which describes superdiffusion within
inhomogeneous media. For both models, in the presence of an external field, rare events
induce a singular behavior in the originally Gaussian displacements distribution, giving
rise to power-law tails. Remarkably, in the subdiffusive CTRW, the combined effect
of highly fluctuating waiting times and of a drift yields a non-Gaussian distribution
characterized by long spatial tails and strong anomalous superdiffusion.
Rare events and scaling properties in field-induced anomalous dynamics 2
1. Introduction
Large fluctuations and rare events play an important role in many physical processes.
Their contribution strongly influences physical observables in laser cooling [1], liposome
diffusion [2], heteropolymers [3], chaotic systems [4] and non-equilibrium relaxation [5,
6]. In these systems, heterogeneous spatial structures or temporal inhomogeneities can
give rise to anomalous transport: the mean square displacement (MSD) of a tagged
particle is not linear in time, 〈x2(t)〉 ∼ t2/γ , with γ 6= 2, and one observes either
subdiffusion, γ > 2, or superdiffusion, γ < 2. However, when the fluctuations in the
microscopic dynamics are not too large, i.e. the tails of their probability distributions
decay fast enough, anomalous transport is suppressed, and standard diffusion can occur
also in the presence of inhomogeneities. In these subtle situations, detecting large
deviations and establishing the heterogeneous nature of the underlying microscopic
dynamics can be difficult. We show here that the presence of an arbitrary small external
field can induce an anomalous growth of fluctuations even when the unperturbed
behavior remains Gaussian. This is an example, similar to others recently pointed
out in [7, 8], of how the response to an external field may feature anomalous effects in
the case of nonlinear dynamics. These topics can find application for instance in probe-
based microrheology, for the study of the motion of a tracer particle in a disordered
system when an external force is applied [9]. We remark that, for our heterogeneous
systems, the Einstein relation established in [10, 11, 12, 13, 14] proves a proportionality
between 〈x2(t)〉 and the drift 〈x(t)〉ǫ, where 〈. . . 〉ǫ denotes the average over the process
with an external field ǫ.
For standard diffusion governed by the Fick’s law, the Gaussian form of the
probability density function (PDF) of displacements at time t, P0(x, t), is not altered
by the presence of a field ǫ:
Pǫ(x, t) ≃ 1√
4πDt
exp
[
−(x− vǫt)
2
4Dt
]
, (1)
where D is the diffusion coefficient. The field induces a finite drift, 〈x(t)〉ǫ/t ≡ vǫ 6= 0,
and a typical displacement lT (t), defined as the maximum of the PDF, growing as
lT (t) = vǫt.
When the microscopic dynamics is characterized by large space inhomogeneities
and/or several time scales, the action of a field can induce relevant deviations from the
Gaussian behavior [5]. We study here the properties of Pǫ(x, t) in the presence of a field
for models with scale invariant distribution of trapping times and with scale invariant
distributions of displacements. We consider a continuous time random walk (CTRW) [5]
with trapping, where a Brownian particle is trapped for a time interval distributed
according to a given PDF, which shows subdiffusive dynamics and mimics the slow
activated dynamics of complex fluids [15]. It embeds the waiting time distribution
pα(τ) ∼ τ−(α+1), (2)
where α > 0 is the exponent characterizing the slow decay of time distribution.
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Fat tails also occur in displacements distribution, and in particular they characterize
the Le´vy-like motion in heterogeneous materials [16, 17, 18, 19, 20], or in turbulent
flow [21], where transport is realized through increments of size l with distribution
pα(l) ∼ l−(1+α) [22, 23, 24] and superdiffusive dynamics can occur. Interestingly,
it has been recently found [25] that even in a nearly arrested granular assembly
the displacements of grains follow a Le´vy distribution, producing an unexpected
superdiffusive dynamics. Moreover, as predicted in [5], and found in numerical
simulations of complex liquids [26, 27], a superdiffusive dynamics may be induced by an
external field also in trap-like disordered systems.
For vanishing field, i.e. ǫ = 0, if the tails of the steps and waiting times distributions
decay slowly enough, both the CTRW with trapping and the Le´vy walk lead to
anomalous transport, subdiffusive and superdiffusive, respectively. In these regimes,
motion is largely influenced by rare events and P0(x, t) is not Gaussian, presenting, up
to distances of order ℓ(t), the generalized scaling form P0(x, t) ∼ t−1/zF (x/t1/z), where
ℓ(t) ∼ t1/z is the scaling length. In the case of fast asymptotic decay of F (y), the
behavior of the moments is given by 〈xn(t)〉 ∼ ℓn(t). However, due to rare events, also
F (y) can present a slow decay. In this case the scaling is broken for x ≫ ℓ(t) and the
system can feature “strong” anomalous behavior, i.e. the moments of the distribution
are not a power of ℓ(t) [28]. On the other hand, when the fluctuations of pα(τ) or of
pα(l) are not too large, P0(x, t) is Gaussian.
In this paper we show that, remarkably, the presence of a drift can induce an
anomalous non-Gaussian dynamic even for regimes where equilibrium measurements
show a standard diffusive behavior. By solving the master equations of the two processes
mentioned above in the one-dimensional case, we determine the PDF in the presence of
an external field. We evidence that, as expected, in the region of anomalous transport,
the distributions are very sensitive to the presence of a drift. More surprisingly, in the
regimes where the form of the distribution is simply Gaussian at equilibrium, we find
that the field can induce a non-Gaussian shape of Pǫ(x, t). In the CTRW with trapping,
we identify an interval of values of α where the combined effect of highly fluctuating
waiting times and drift gives rise to a perturbed non-Gaussian PDF spreading out
superdiffusively. Our main result is that, even when drift and diffusion are standard, an
underlying anomalous behavior can be singled out by studying the response to external
perturbations. An arbitrary small field can induce a transition from standard Gaussian
diffusion to a strong anomalous one.
2. Models and scaling hypotheses
In the CTRWwith trapping, a particle moves with probability 1/2 from x to x±δ0, where
δ0 is constant. The main results do not change with a symmetric distribution of δ0 with
finite variance. Between successive steps, the particle waits for a time τ extracted from
the distribution (2). In the Le´vy walk model again there are time intervals of duration
τ extracted from the distribution (2), but the particle, during each time lag, moves at
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a constant velocity v, chosen from a symmetric distribution with finite variance, and
performs displacements τv. Here we consider v = ±v0 with equal probability and v0
constant. In both models we introduce a lower cutoff τ0 = 1 in the distribution (2)
so that, taking into account of the normalization, we have pα(τ) = αΘ(τ − 1)τ−(1+α),
where Θ(x) is the Heaviside step function. The value of τ0 does not change the behavior
of the model apart from a suitable rescaling of the constants.
In the CTRW with trapping, the external field is implemented by unbalancing the
jump probabilities, i.e. setting to (1± ǫ)/2 the probability of jumping to the right or to
the left, respectively. For the Le´vy walk, in [32, 33] it has been shown that the natural
way to drive the system out of equilibrium is to apply an external field accelerating
the particle during the walk, so that the distance traveled after a scattering event is
δ = ±v0τ + ǫτ 2. In the following we will consider a positive bias ǫ > 0.
Inspired by the Gaussian case, the simplest generalization of Eq. (1) for ǫ 6= 0 is:
Pǫ(x, t) ∼ t−1/zF [(x− vǫt)/t1/z ]. (3)
When ǫ = 0, the left-right symmetry implies that vǫ = 0 and F (y) is an even function.
In systems with power-law distributions, Eq. (3) is made slightly more complex by
the occurrence of field-induced rare events : in Le´vy walks a fat tail due to large
displacements in the direction of the field must be considered, whereas in the CTRWwith
trapping we find a distribution uniformly shifting in time in the direction of the field,
plus an algebraic tail for small values of x, originated from particles with a large trapping
time. In both situations the simple scaling form of Eq. (3) leads to inconsistencies in
the behavior of the moments of arbitrary order 〈xn(t)〉ǫ. Indeed there is a cut-off in
the largest distance from the peak of the distribution at which a particle can be found
in both models. In the Le´vy walk at time t, there can be no displacement exceeding
v0t+ ǫt
2, so that for large times we have:
Pǫ(x, t) ∼ t−1/zF [(x− vǫt)/t1/z ] Θ
(
ǫt2 − x) . (4)
In the CTRW with trapping, the factor Θ(ǫt2 − x) in Eq. (4) has to be replaced by
Θ(x), which cuts off the power-law tail due to particles with large persistence time at
the origin. In Eq. (4) there are three characteristic lengths: the length-scale of the peak
displacement, lT (t) ∼ t; the length-scale for the collapse of the function, l(t) ∼ t1/z ; the
length-scale of the largest displacement from the peak of the distribution, le(t) ∼ t2.
3. Solution of the master equation for the CTRW with trapping
The scaling arguments (4) can be proved by writing the master equations relating, at
two subsequent scattering events, Pǫ(x, t) with the function Qǫ(x, t), i.e. the probability
of being scattered in x at time t [34, 31]. For the CTRW with trapping we have:
Qǫ(x, t) =
∫ t
0
[
1 + ǫ
2
Qǫ(x− δ0, t− t′) + 1− ǫ
2
Qǫ(x+ δ0, t− t′)
]
pα(t
′)dt′+δ(t)δ(x) (5)
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with
Pǫ(x, t) =
∫ t
0
Qǫ(x, t− t′)
∫ ∞
t′
pα(τ)dτdt
′, (6)
where δ(x) is the Dirac delta. We solve Eq. (5), taking the time and space Fourier
transform, Pǫ(x, t)→ P˜ǫ(k, ω) and Qǫ(x, t)→ Q˜ǫ(k, ω). From Eq. (5) we obtain
Q˜ǫ(k, ω) =
1
1− [cos(kδ0) + iǫ sin(kδ0)]
∫
pα(t′)eiωt
′dt′
. (7)
Then, taking the Fourier transform of Eq. (6) we get
P˜ǫ(k, ω) = Q˜ǫ(k, ω)
∫
eiωt
′
∫ ∞
t′
pα(τ)dτdt.
′ (8)
We then substitute expression Eq. (7) into Eq. (8) and finally consider the asymptotic
regimes where simultaneously k → 0 and ω → 0, neglecting subleading terms.
For ǫ = 0, the results are well known [34]:
P˜0(k, ω) ≈
{
C1ωα−1
(δ0k)2/2+C2ωα
if 0 < α < 1
〈t〉
(δ0k)2/2+i〈t〉ω
if α > 1,
(9)
where 〈tp〉 = ∫ tppα(t)dt. The complex number Ci depends on the sign of ω:
C1(α) =
∫ ∞
0
cos(t)
tα
dt+ i sign(ω)
∫ ∞
0
sin(t)
tα
dt (10)
and
C2(α) = i sign(ω) C1(α) = −
∫ ∞
0
sin(t)
tα
dt+ i sign(ω)
∫ ∞
0
cos(t)
tα
dt, (11)
with 0 < α < 1. For α > 1, Eq. (9) corresponds to standard diffusion, while for
0 < α < 1 the Gaussianity is broken and the dynamics is characterized by a subdiffusive
scaling length ℓ(t) ∼ tα/2.
For ǫ 6= 0 we obtain in the asymptotic regime:
P˜ǫ(k, ω) ≈


C1ωα−1
iǫδ0k+C2ωα
if 0 < α < 1
〈t〉
i(ǫδ0k+〈t〉ω)+C3ωα
if 1 < α < 2
〈t〉
(δ0k)2/2+i(ǫδ0k+〈t〉ω)
if α > 2.
(12)
where C3(α) = −C1(α−1)α−1 . The immaginary parts of the coefficients C1, C2 and C3
depend on the sign of ω, so that Pǫ(x, t) is a real function. The numerical inverse
Fourier transform of P˜ǫ(k, ω) can be easily computed and it is in very good agreement
with the results of simulations, as shown in Fig. 1 for α = 1.5. Notice that the space
inverse Fourier transform can be performed explicitly from Eqs. (12), yielding a Θ(x)
function in the Pǫ(x, t), as expected from the arguments following Eq. (4). In particular,
for 1 < α < 2 we get:
P˜ǫ(x, t) = 〈t〉Θ(x)
∫
e−iω(x/(ǫδ0)〈t〉−t)−C3 |ω
α|x/(ǫδ0)dω. (13)
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Figure 1. (color online) Collapse of the PDFs of the CTRW with trapping, for α = 1.5
and field ǫ = 0.15 according to Eq. (3) with velocity vǫ = 0.1. Symbols correspond to
different times: t = 103 (•), t = 2 · 103 (), t = 5 · 103 (), and t = 104 (N). The
continuous line represents the numerical inverse Fourier transform of Eq. (12). Central
inset: same data of the main figure in log-log scale, as function of |x− vǫt|. Notice the
power law behavior Pǫ(x, t) ∼ x−(1+α). Top left inset: collapse of the PDF for α = 1.5
with zero drift, ǫ = 0. Notice the simple Gaussian behavior, ℓ(t) ∼ t1/2, in agreement
with Eq. (9).
.
We remark that for |x − vǫt| / ℓ(t) all the regimes follow the general scaling
pictures of Eq. (3). In particular, for α > 2, the standard response of a diffusive
system is reproduced: F (y) is a Gaussian moving at constant velocity vǫ = ǫδ0/〈t〉.
For 0 < α < 1, where Gaussianity is broken already at equilibrium, the characteristic
length grows as ℓ(t) ∼ tα. We notice that vǫ = 0, and hence a rigid motion of the
probability with constant velocity is not observed. Comparing Eqs. (9) and (12), a
singular behavior at ǫ = 0 is evident: F (y) changes its shape, as soon as ǫ 6= 0. The
scaling function becomes asymmetric with respect to the origin y = 0, giving rise to
an overall motion in the direction of the external field. For 1/2 < α < 1, one finds a
superdiffusive behavior induced by the field, as discussed in [5]. In this case, due to the
fast asymptotic decay of F (y), the behavior of moments is 〈xn(t)〉ǫ ∼ ℓn(t), which is an
example of weak anomalous diffusion [28].
The most intriguing case is for 1 < α < 2, where the presence of the field turns
diffusion from standard into strong anomalous [29]: the scaling function moves at
constant velocity vǫ = ǫδ0/〈t〉, however the shape of F (y) is not Gaussian, and it
develops a power-law tail. In Fig. 1 we show the collapse of the PDFs at different times,
according to the scaling in Eq. (3), for the case α = 1.5 with and without external field
(see inset). The numerical inverse Fourier transform of Eq. (12) shows that the analytical
Rare events and scaling properties in field-induced anomalous dynamics 7
calculations of the asymptotic regime are able to capture the shape of the distribution
and the scaling length l(t) ∼ t1/z, with z = α < 2. The superdiffusive spreading of
the PDF is triggered by rare events induced by long waiting times. In particular, the
exponent of the left power-law tail of the Pǫ(x, t) is obtained from the probability, that,
up to a time t, a particle remained at rest for an interval τ such that vǫτ = ξ, namely
Pǫ(ξ = |x− vǫt|, t) ∼ tξ−(1+α)Θ(vt− ξ). Notice that the power-law tail is suppressed for
x < 0 by the function Θ(x), because the probability of finding particles with a negative
displacement is zero, due to the positive field. Following the above arguments one
obtains for the MSD around the peak of the distribution: 〈ξ2(t)〉ǫ ∼ t3−α 6= ℓ2(t) ∼ t2/α.
4. Solution of the master equation for the Le´vy walk
Let us now consider the Le´vy walk. The master equation is:
Qǫ(x, t) =
∫ t
0
1
2
[
Qǫ(x− v0t′ − ǫt′2, t− t′) +Qǫ(x+ v0t′ − ǫt′2, t− t′)
]
pα(t
′)dt′+δ(t)δ(x)
(14)
with
Pǫ(x, t) =
∫ t
0
1
2
[
Qǫ(x− v0t′ − ǫt′2, t− t′) +Qǫ(x+ v0t′ − ǫt′2, t− t′)
] ∫ ∞
t′
pα(τ)dτdt
′,
(15)
where pα(τ) is now the distribution of flight times. Analogously to Eq. (5), we first solve
Eq. (14) in Fourier space and then we insert the result in Eq. (15), taking the limit of
small k and ω. For ǫ = 0, the Fourier transform P˜0(k, ω) reads [30, 31]:
P˜0(k, ω) =


ωα−1f(k/ω)
C4vα0 k
α+C2ωα
if 0 < α < 1
〈t〉
C4vα0 k
α+i〈t〉ω
if 1 < α < 2
〈t〉
v2
0
〈t2〉k2/2+i〈t〉ω
if α > 2
(16)
where C4 is a real coefficient that depends on α, and f(k/ω) is a regular complex
function with f(0) = iC1 and f(x) ∼ xα−1 for x→∞. In this case, standard Gaussian
diffusion is recovered for α > 2, while for 1 < α < 2 and 0 < α < 1 the non-Gaussian
propagator corresponds to a superdiffusive (ℓ(t) ∼ t1/α) and a ballistic (ℓ(t) ∼ t) motion,
respectively.
For ǫ 6= 0 in the asymptotic regimes of small k and ω we obtain:
P˜ǫ(k, ω) ≈


ωα−1g(k1/2/ω)
C5ǫα/2kα/2+C2ωα
if 0 < α < 1
〈t〉
C5ǫα/2kα/2+i〈t〉ω
if 1 < α < 2
〈t〉
C5ǫα/2kα/2+i(ǫ〈t2〉k+〈t〉ω)
if 2 < α < 4
〈t〉
〈t2〉v2
0
k2/2+i(ǫ〈t2〉k+〈t〉ω)
if α > 4
(17)
where C5(α) is a complex number whose immaginary part depends on the sign of ω and
g(x) is a regular complex function with g(0) = iC5 and g(x) ∼ xα−1 for x→∞.
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Figure 2. (color online) Collapse of PDFs with the scaling t2/αPǫ(x/t
2/α), for the
Le´vy walk with exponent α = 1.5 and field ǫ = 0.25. Inset: Pǫ(x, t) at different times.
Notice that the approximation (x− vǫt)/t2/α ∼ x/t2/α works very well asymptotically.
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Figure 3. (color online) Collapse of the PDFs with the scaling t2/αPǫ[(x− vǫt)/t2/α],
for the Le´vy walk with exponent α = 2.5 and field ǫ = 0.25, with vǫ = 0.38. Symbols
correspond to different times: t = 1.6 · 104 (•), t = 3.2 · 104 (), t = 6.4 · 104 (),
and t = 1.28 · 105 (N). The line represents the numerical inverse Fourier transform of
Eq. (17). Inset: same data of the main figure in log-log scale.
Retaining only the leading terms in k and ω in the previous expressions and
performing the inverse Fourier transform in space and time, one obtains a PDF of
displacements in very good agreement with the numerical simulations (see Fig. 3).
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However, the asymptotic approximation looses the cut-off on displacements at a finite
time. Indeed, at each time t, the largest allowed displacement is x = vτ + ǫτ 2 ∼ ǫτ 2,
corresponding to the rare event of a particle never colliding up to τ = t, and this bound
necessarily requires for the Θ(ǫt2 − x) in Eq. (4).
We find that for α > 4 Eq. (17) describes a Gaussian distribution, moving at
velocity vǫ = ǫ〈t2〉/〈t〉. For α < 2, the rigid translation of the scaling function is
subdominant (vǫt ≪ t2/α) and the global effect of the field is a strong asymmetry of
F (y) (see Fig. 2). In this case the scaling length grows in super-ballistic way, i.e. z = 1/2
(linearly accelerated motion) for 0 < α < 1 and z = α/2 for 1 < α < 2. Finally, for
2 < α < 4 the drift with velocity vǫ becomes relevant, but the scaling function is still
not Gaussian due to an emerging power-law tail which produces a strong anomalous
superdiffusive behavior. The remarkable feature for the Le´vy walk with 2 < α < 4 is
that, similarly to the CTRW with 1 < α < 2, the field ǫ produces a power-law tail
otherwise not present in the zero-field Gaussian distribution (see Fig. 3). Moreover the
scaling length ℓ(t) which yields the collapse of the PDFs does not govern the behavior
of moments, 〈xn(t)〉ǫ 6= ℓn(t). The algebraic tail of Pǫ(x, t) at large time can be obtained
from the distribution of flight times by changing variables: one finds Pǫ(x, t) ∼ x−(1+α/2),
yielding the asymptotic behavior readable in Figs. 2 and 3. This power-law behavior,
together with the cut-off Θ(ǫt2−x), yields the MSD around the peak of the distribution:
〈[δx(t)]2〉ǫ = 〈x2(t)〉ǫ−〈x(t)〉2ǫ ∼ t5−α 6= ℓ(t)2 ∼ t4/α, showing that a single scaling length
cannot capture the behavior of all moments.
5. Conclusion
We have presented results for the CTRW with trapping and the Le´vy walk in
the presence of currents. At variance with standard Gaussian systems, the field,
even arbitrarily small, significantly modifies the scaling properties of the PDF of
displacements, introducing a new length-scale related to rare events. Beyond the
principal scaling length of the distribution ℓ(t) and that related to the rigid shift, ℓT (t),
one must also consider the typical length introduced by the cut-off of the power-law
tail, ℓe(t), necessary for the calculation of higher order moments. This is how rare
events induce the strong anomalous behavior. The change in transport properties in
the presence of an external field represents a valuable probe to unveil the underlying
dynamical structure of the system. Field-induced anomalous behavior highlights the
importance of rare and large fluctuations in regimes where the diffusional properties are
apparently standard.
Our results have been derived in a one-dimensional model, both for the CTRW
with trapping and the Le´vy walk. However, we expect that the main effects should be
valid also in realistic experimental three dimensional samples, due to the decoupling
of the motion in the direction of the field and in the orthogonal direction. Hence, we
expect to observe the same behavior along the applied field, while the motion in the
perpendicular directions should be described by the CTRW equations without fields i.e.
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P0(x, t).
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